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Warming up: reject null hypothesi
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Example: SWEPIS study on stillbirth

e Comparing perinatal death in
labour induction at 41 or 42

weeks

» Stopped after +1380 births in
each group: 6 perinatal
deaths in 42 weeks group

» Sequential test with balanced
design: would often have
stopped earlier

Simulated stopping times with and without
using knowledge from previous studies in sequential

test*

prior
l:l full prior knowledge

|:| uninformed

|:| prior on difference
prior on log OR

density

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Stopping time

* SWEPIS study: Wennerholm et al. published in bmj, 367, 2019. Figure: adapted from Turner et al., 2021



Inspiration: game theoretic learning

WILEY SERIES IN PROBABILITY AND STATISTICS

Game-Theoretic
Foundations for
Probability and Finance

Probability
and Finance

It’s Only a Game!

Glenn Shafer

Vladimir Vovk Glenn Shafer | Viadimir Vovk

2001 2019
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; 1. Forecaster announces that Betting interpretation
data Y are generated by I true? Expect no brofit
distribution P = . R prof
- 2. We are skeptic: we place a % e O
bet* against H High profit? Reject 7{,

- 3. Reality shows us the true

] outcome Y and our profit our

il loss

L *Prequential idea (Dawid, 1984): learn Hy and H;

= from data in previous bets with prediction strategy
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data come in a stream of data blocksj =1, 2, ...

_u__.“—u—).__r_-«_'g_w'—u‘,,‘

[ T L T T . B P P
N L S I S = ER

e each block has n = n, + n, observations

e observations seen up to and including block j:
Vo = Vi Yinga) ad ¥y = (V1 s Yy mpn)
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|+ data come in a stream of data blocks j =1, 2, ... ::
T|* each block hasn =n, + n; observations i‘
£+ observations seen up to and including block j: c
! yg) = (yLw 0 Yj na,a) clgle ylﬁj) = (Y1,b» s Yy nb,b) i:

pr— »
—\ =\

L\ e
N\
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e data come in a stream of data blocks j =1, 2, ...

. O.K. as long as we “lock
® eaCh blOCk has n=mng, + Ny ObservatIOﬂS in” block composition

before start of that

e observations seen up to and including block j:

(J) (Yla" Yjn, a) and y (J) (yl,b,...,y]'nb,b)

'D'l'l’l’l’l’l’!'l'l’l’l -

=\

T e T e S G M G s e e s i
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- Running example: 2x2 contingency table setting

s ==\ ) r \ fre==n ==\ =2\ ]
ﬂ =\ ==\ == —\ ==\ =\ (=2 1= =\ [==A\
& 4] - - _ . = — = =

Do success probabilities differ
between strategies?
* H, : observations Y € {0,1} e

independent of strategy

m
\ ﬁ'—‘ Y T my
\ \ \ \

2x2 contingency table

X €{a, b} -
 Equivalently, when
Y, 44 Bernoulli(B,):

T — N p—
i e IR L A
A
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Tool tor analyzing sequential data: E-variables*

=~ P

* Nonnegative RV S, where for all
P, € H,:

A

Betting interpretation

:, .
Ep, S]<1 H, true? Expect no profit
_ » Straightforward implementation in % e O

test: reject Hy iff S = a~? High profit? Reject 7,
* Type-l error guarantee at a (e.g. a =
0.05, reject it S = 20)

min\

L LR S

P

e 2
n

L

=
B\

=

N

*Vovk and Wang (2021); Shafer (2021); Grinwald et al. (2019).



Point alternative 2 data streams: nice general expression!

Centrum Wiskunde & Informatica

Point }; Pg_g, (Turner, 2021):

Ng n
o, Yia) T 1Po,Yin)

S(Y(D)Y :=
=] s o Ll pe, i)

E-variable when we choose 6, = (n,/n)8, + (n,/n)0o,




E-process for two data streams

.
:'-\'.

A

Key: multiplying E-values yields

- *» Can make an e-process: multiply E- another E-value

i values for all data blocks

- m

sty m) = r S (1)) @ A

00 O

3  For arbitrary stopping rule (E-value

i > 20, no money for further
experiment, etc..): 1 2

Po(3m:SM(YM) > a71) < a
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0y

No matter how we learn
(8,,80,), Sis still an E-
variable for testing H!

Learn parameter tor H;

* Can learn estimate (8, 8,,) of
true alternative before each
new data block, based on
past data
— Maximum likelihood
— MAP estimator
— Posterior mean, ...

 Restrict search space based
on expert knowledge



Evidence against H; and Type-Il error

* GRO criterion: in sequential %

experiments: optimize “growth rate”

of E-variable, Ep, [log ST (Grinwald,
2019)

* Minimize notion of regret: loss of
capital growth under alternative due
to not knowing true P;.

* Closely connected to optimizing
power
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Anytime-valid confidence sequences

=\ — = = = ==\ = =

Update effect size estimate each time a new batch of 1
data has come in, with coverage guarantee (real value
is in my estimate with some minimum probability) ‘ [J
l >
O O (A)

O O Q | © )
00 00 00 00 00 00 00 o data collection — 500

- Pga,gb(for anym=1,2,...: §(0,,0p) € CS(m)) <a

— 5(8,,0,): measure of effect size

T P— e
| | ) )




Key: use E-process to test effect size values

00(6) = {(64,6p):60, — 6, = 0.3}

1.00

¢ Let 560(5) be an E-process for testing:
Ho = {Pg,: 6y € 04(5)}

Probability of falsely rejecting Hybounded
by a (because it is an E-process)! £ 050

0.75

Construct anytime-valid confidence

(m) 1}
o(6) —

— gives us the desired coverage at level i Re O O e

(1— a).

0.25

sequence CSy i) = {6 S

0.00
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Extension of E-variable for streams to general null
hypothesis 0,(6) for 2x2 tables

n, Pa,Yib)

=1 pgs (Vip)'

(1) = Ng P@a(yi,a)
S@O(Y ) . Hl=1 pgzl(yl,a)
where (6,,8;) achieve

1 S Ng yNp : Ng vNp
(Qa,Hrbr%IEr(lao(S) D(Pgareb (Ya ’ Yb )|P 0a,0p (Ya ) Yb ))

and we estimate the point (8, 8,) as before (Turner, 2022)

[l




Simulations: risk difference

.... .Q-Q-Q- =) ) Al |
QQQQQQQQQ 0 QQQ@QQQQQQQQ@QQ__

J

100 200 300 400 S50

100 200 300 400 500 O

100 200 300 400 500 O
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Tricky case: odds ratio and convexity of H,

1.00

* Need convexity of 0,(6) to o

construct E-variable sl Lok
* § > 0 — can estimate lower (Ba° 05°)

bound (see figure) <’ 050
* 0 < 0 - can estimate upper - Oo( =)

bound

0.00
0.00 0.25 0.50 0.75 1.00

Figure adapted from Turner et al., 2022



Tricky case: odds ratio and convexity of H,

1.00

* Need convexity of 0,(6) to
construct E-variable

0.75

e § > (0 — can estimate lower

bound S 0.50 CHERY
© (Hao-ebc)
* 0 < 0 — can estimate upper 5 .
. o0_.0,)
bound (see figure)
0.00
0.00 0.25 0.50 0.75 1.00

Figure adapted from Turner et al., 2022
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Conclusion and novelty

* To our knowledge, really new:
— exact

— flexibility (block size, user-specified notions of effect size)

— growth rate optimality: expect evidence for H1 to grow as fast as possible
during data collection

« Wald's sequential probability ratio test:
— Probability ratios can be interpreted as "alternative” E-variables
— Not growth-rate optimal
— Only allow for testing odds ratio effect size



Beyond Bernoulli: GRO property?
(work by Y. Hao and others)
Stratified data and conditional

independence
* Use case at UMC Utrecht:
real-time psychiatry research
and recommendations

Extensions




Software package available for R

Centrum Wiskunde & Informatica
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(R Safe Tests and Confidence Intervals for Tests of Two Proportions: Practical Scenarios

difference

40 60

data block number

The above plot shows that after finishing our experiment, 0 is not included in the confidence interval (grey
dashed line). The true value, 0.3, remains included. The precision indicates how many difference values
between -1 and 1 are checked while building the confidence sequence. It is recommended to set this value to
100 (default).

The code below can be used to check that our confidence sequence indeed offers the 1 — a guarantee and
includes the difference between the two success probabilities of 0.3 in at least 95% of simulated scenarios:

coverageSimResult <- simulateCoverageDifferenceTwoProportions(successProbabilityA = 0.2,
trueDelta = 0.3,
safeDesign = balancedSafeDesign,
numberForSeed = 1082021)

print(coverageSimResult)
# [1] 0.974
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~ safestats helps setting up experiments
CIV L
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- balancedSafeDesign <- designSafeTwoProportions(
na =1,
= nb =1,
nBlocksPlan = 10,
beta =1 - 0.8
D)
print(balancedSafeDesign)

)
)
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Safe Test of Two Proportions Design

NODDBDDD DD

na, nb, nBlocksPlan = 1, 1, 10

minimal difference = 0.8811111

alternative = two.sided
alternative restriction = none
power: 1 - beta = 0.8

parameter: Beta hyperparameters = standard, REGRET optimal
alpha = 0.05
decision rule: e-value > 1/alpha = 20
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Timestamp: 2021-07-15 12:05:28 CEST
NOTE: Optimality of hyperparameters only verified for equal group sizes (ha = nb = 1)
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~ safestats helps setting up experiments
CIV L
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T
balancedSafeDesignSmallerDifference <- designSafeTwoProportions(
= hna =1,
nb =1,
- delta = 0.2}
beta =1 - 0.8
—)

~ print(balancedSafeDesignSmallerDifference)
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Simulating E values and stopping times for divergence between groups of 0.2

Safe Test of Two Proportions Design

na, nb, nBlocksPlan = 1, 1, 228
minimal difference = 0.2
alternative = two.sided
alternative restriction = none
power: 1 - beta = 0.8
parameter: Beta hyperparameters = standard, REGRET optimal
alpha = 0.05
decision rule: e-value > 1/alpha = 20
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NOTE: Optimality of hyperparameters only verified for equal group sizes (nha = nb = 1)
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Planning with expert knowledge

Centrum Wiskunde & Informatica
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differenceBasedRestrictedSafeDesign <- designSafeTwoProportions(
na =1,
nb = 1,
beta = 1 - 0.8,
alternativeRestriction = "difference",
delta = 0.2
D)

print(differenceBasedRestrictedSafeDesign)
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Simulating E values and stopping times for divergence between groups of 0.2

Safe Test of Two Proportions Design

VODDDBDDDD D

na, nb, nBlocksPlan = 1.0, 1.0, 121.2

minimal difference = 0.2
alternative = greater
alternative restriction = difference
power: 1 - beta = 0.8
parameter: Beta hyperparameters = standard, REGRET optimal
1 alpha = 0.05
decision rule: e-value > 1/alpha = 20
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- NOTE: Optimality of hyperparameters only verified for equal group sizes (na = nb = 1)
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Performing a safe test

==\ C

CWI Centrum Wiskunde & Informatica
=

~ safeTestResult <- safeTwoProportionsTest(ya = ya, -
= yb = yb’

designObj = balancedSafeDesign) i
- print(safeTestResult)
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— Safe Test of Two Proportions -
[
- data: ya and yb. nObsA = 10, nObsB = 10 1
[
test: Beta hyperparameters = standard, REGRET optimal =
- e-value = 11.15 > 1/alpha = 20 : FALSE
£ alternative hypothesis: true difference between proportions in group a and b is not equal to 0 =
-
N - design: the test was designed with alpha = 0.05
for experiments with na = 1, nb = 1, nBlocksPlan = 10 N\
= . to guarantee a power = 0.8 (beta = 0.2)
=\ - for minimal relevant difference = 0.88111 (two.sided)
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Adding new data
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Centrum Wiskunde & Informatica
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newDataA <- c(0,1,1)
newDataB <- c(0,0,0b

for(blockNumber in seq_along(newDataA)){
safeTestResult <- safeTwoProportionsTest(
ya = c(ya, newDataA[1l:blockNumber]),
yb = c(yb, newDataB[1l:blockNumber]),
designObj = balancedSafeDesign

D

cat("E value after", 10 + blockNumber, "blocks:", safeTestResult$eValue, "\n")
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E value after 11 blocks: 4.913941
E value after 12 blocks: 12.83567
E value after 13 blocks: 34.8287
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Further reading and references

On the theory of E-values:
— PD. Grinwald, R. de Heide and W. Koolen (2019) on ArXiv:
— V. Vovk and R. Wang (2021). E-values: Calibration, combination, and applications. Annals of Statistics.
— @G. Shafer (2021). Testing by betting: A strategy for statistical and scientific communication. Journal of
the Royal Statistical Society, Series A.
On implementations of E-values:
— RJ. Turner, A. Ly and P.D. Grinwald (2021) on ArXiv:2106.02693
— R.J. Turner and P.D. Grinwald (2022) on ArXiv:2203.09785
— R software: https://CRAN.R-project.org/package=safestats




